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NATTONAL AERONAUTICS AND SPACE ADMINISTRATION

TECHNICAL NOTE D-281

ANATYSTS OF TRAJECTORY PARAMETERS FOR FROBE
AND ROUND-TRIP MISSIONS TO MARS

By James F. Dugan, Jr.

SUMMARY

For one-way transfers between Earth and Mars, charts are obtained
that show velocity, time, and angle parameters as functions of the eccen-
tricity and semilatus rectum of the Sun-focused conic. From these curves
are obtained others useful in planning one-way and round-trip missions to
Mars. The analysis 1s characterized by circular coplanar planetary or-
bits, successive two-body approximations, impulsive velocity changes, and
cn“cuiar parking orbits at 1.1 planet radii. For rvouud Lrips, the mis-

ion time consldered ranges from 130 to 1000 days, while wait time spent
in the parking orbit around Mars ranges from O to 454 days. Departure
dates, one-way travel times, and individual velocity increments are pre-
sented for round trips requiring minimum total velocity increments.

For both single-pass and orbiting Martian probes, the time span
avallable for launch becomes appreciable with only a small increase in
velocity-increment capability above the minimum requirement. The effec-
tiveness of velocity-increment increases in reducing travel time and
Earth-Mars separation distance at probe arrival is less pronounced for
orbiting probes than it is for single-pass probes. For round-trip mis-
sions with a specified wait time spent in orbit around Mars, the minimum
total velocity increment does not decrease continuously as mission time
increases.

INTRODUCTION

In planning any space mission, a trajectory analysis is a prerequi-
site for deciding upon specific features of the mission. The analysis
will show the interrelations among such parameters as departure date,
elapsed time for separate phases of the mission, total mission time, in-
dividual and total velocity increments, and Earth-vehicle separation
distance at different times during the mission. The velocity parameters



influence the choice of propulsion system and permit preliminary esti-
mates of propellant requirements to be made. The time and separation-
distance parameters are relevant to reliability and communication
considerations.

Some of the trajectory information needed to plan various missions
to Mars is found in references 1 to 5. However, discussion of some mis-
sions of interest is not to be found, and the behavior of some trajec-
tory parameters required in planning Mars missions is either unavailable
or inconvenient to calculate. For example, the Mars round-trip missions
treated in these references do not include the direct-aphelion family of
round trips that result in minimum total velocity increments for mission
times of 600 to 1000 days. For many of the round trips, only values of
mission time and total velocity increment are presented.

In this report, charts of the kind suggested by Vertregt in refer-
ence 6 are presented for one-way trajectories between Earth and Mars.
These charts facilitate the preliminary planning of a particular mission,
show the available choices, and give approximate values of launch date,
duration of voyage, and required velocity increments. Modifications of
these charts were used to find the interrelations among trajectory pa-
rameters of interest for many one-way single-pass, one-way orbiting, and
round-trip missions between Earth and Mars.

The equations of reference 6 and several additional equations,
needed to obtain parameters useful in round-trip calculations, were pro-
gramed for a digital computer. Tables of trajectory-parameter data were
obtained for trips between Earth and Mars. From these tables were con-
structed the trajectory charts suggested by Vertregt. In each chart,
€ was plotted against p for constant values of each trajectory param-
eter of interest (¢ and p are the eccentricity and semilatus rectum
of the Sun-focused vehicle conic).

Working curves, in which the trajectory parameter of interest ap-
pears as the ordinate, were then used to obtain pertinent information
on a wide range of one-way and round-trip missions between Earth and
Mars. For single-pass and orbiting Martian probes, the relations among
launch date, travel time, required velocity increment, and Earth-Mars
separation distance when the probe arrives at Mars are presented. Mis-
sions requiring minimum velocity increment are discussed. By graphical
procedures, the round trips requiring minimum total velocity increment
are found for walt times spent in the parking orbit at Mars of O, 100,
and 454 days. The variations of launch date, travel time, and individ-
ual velocity increment with mission time are presented for O- and 100~
day walt times.




Because of the simplifying assumptions that are made in the analy-
sis, all values of launch date, duration of mission, and required veloc-
ity increments presented in this report are approximate. The results
should be used only in fhe preliminary planning of a particular mission.
For more exact values, an analysis based on the n-body equations of mo-
tion and a three-dimensional model of the solar system should be used.
In spite of their approximate nature, the results of this analysis do
show the interrelations among the important trajectory parameters and
should serve as a useful gulde in making more precise calculations.

ANALYSIS
Assumptions
The following simplifying assumptions were made:

(1) The planets describe circular orbits around the Sun. The or-
bits of Mars and the space vehicle lie in the plane of the ecliptiec.

{2) The vehicle is attracted by only one inverse-square central
force field at a time. When "near" a planet, the vehicle is attracted
by the planet. When "far" from the planets, it is attracted by the Sun.

(3) Most of the voyage is unpowered. The time during which thrust
is applied 1o the vehicle is insignificant compared with the total dura-
tion of the voyage; that is, the impulsive-velocity-increment concept
is used.

(4) The travel time spent under the influence of the planets is
negligible compared with the travel time spent under the influence of
the Sun.

Possible Heliocentric Trajectories

In traveling between Earth and Mars (or any two planets), an in-
finite number of Sun-focused conic sections can be traversed. For a
given ellipse, which will in general intersect the orbits of Earth and
Mars at four points, four alternate routes can be considered (fig. 1(a)).
(A list of symbols appears in appendix Aj; fig. 1(b) aids in defining
some of the trajectory angles.) The direct route D from Earth to Mars
1s along 1-2, the perihelion route P along 4-1-2, the aphelion route
A along 1-2-3, and the indirect route I along 4-1-2-3. If the el-
lipse is tangent to Earth's orbit (fig. 1(a)), routes D and P be-
come identical and also routes A and TI. Similarly, if the ellipse
is tangent to Mars' orbit, routes D and A Dbecome identical, and also



routes P and I. For a given parabolic or hyperbolic path, only di-
rect and perihelion routes are possible.

Eccentricity - Semilatus-Rectum Charts

In reference 6 Vertregt shows how interplanetary trajectory param-
eters along all possible conics can be expressed as functions of the
radius of the destination planet's orbit and the eccentricity and semi-
major axis of the Sun-focused conic. In an addendum to reference 6, it
is pointed out that a considerable simplification results from construct-
ing trajectory diagrams in which eccentricity is plotted against semi-
latus rectum (instead of semimajor axis) for constant values of trajec-
tory parameters. One e-p diagram for Earth-Venus trajectories is in-
cluded by Vertregt to illustrate the advantages.

The equations from reference 6 and several additional equations,
needed to obtain parameters useful in round-trip calculations, were pro-
gramed for a digital computer. Tables of trajectory-parameter data were
obtained for trips between Earth and Mars. The procedure for calculat-
ing these tables is discussed in appendix B. From the tables were con-
structed e-p trajectory charts such as those shown in figures 2(a) to
(c). A wide range of useful trajectories is shown within the arbitrary
boundaries Of Ppax = 3.0 and €pgx = 2.0. A complete set of 22 <-p
charts for Earth-Mars trajectories can be obtained by sending in the
card at the back of this report. The trajectory parameters included in
these charts are Avg, Avy, (&vg + &vy), Vg, Vy, (Vg + V)5 Tp, Tp, Ty,

Ty, Vps» Vps Var V1 Aps» Aps Mg Arsy @15 P2, ap, and  ao.

Probe Missions

In finding the interrelations among trajectory parameters of in-
terest for specific Earth-Mars missions, it was found convenient to use
working curves in which the various parameters of interest are plotted
against eccentricity for constant values of semilatus rectum. (These
curves are not included in the report, since they depict the same infor-
mation as contained in the e-p charts.) Because the procedure for
treating the one-way single-pass missions is very similar to that for
the one-way orbiting missions, only the former is discussed. For one-
way single-pass missions from Earth to Mars, four trajectory parameters
are singled out as being of special interest: (1) velocity increment
required near Earth when starting from a circular parking orbit of 1.1
Earth radii, (2) travel time, (3) configuration angle at departure, and
(4) Earth-Mars separation distance at arrival. Configuration angle at
departure defines launch date (fig. 2(d)). The Hohmann date is defined
as that date on with Mars' heliocentric longitude is greater than Earth's
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by 44.4°, this being the configuration required for a Hohmann transfer
from Earth to Mars.

For a given value of ANE, values of € and p are read from the
working curve, Avp against € for constant p. These values of «
and p permit values of Wl and T to be read from thelr respective

working curves. The value of configuration angle when the probe arrives
at Mars is calculated from

V= + (9 - o)At (1)
where

pg = 0.9856 deg/day

¢y = 0.5240 deg/day
and

Earth-Mars separation distance at arrival can then be read from figure
2(e), which is a plot of

a = (Ré + RG - ZRgRy cos qf)l/z (2)

where

Rp = 92,900,000 miles

and

Ry = 141,600,000 miles

These data are then plotted as T against ¥ for constant ANE (fig.
3(a)) and d against VY, for constant Avg %fig. 3(v)).

Round~Trip Missions

For round-trip missions to Mars, it is convenient to introduce an
angle parameter A defined by

Ap= 9y - OpTy (3)



Therefore, A 1s the angular difference between the vehicle's travel
and Earth's travel during a one-way trip between planet orbits. The re-
lation that must be satisfied during a round-trip mission to Mars with
a wait time Ty spent in orbit around Mars is

Nout + (Py - )Ty + Apgex = N360 (4)

where N can be 0 or + an integer. The outgoing and return trajecto-
ries can be combined in an infinite number of combinations involving di-
rect, perihelion, aphelion, and indirect routes.

To illustrate the technique employed for the round-trip missions,
consider the combinations involving direct and perihelion routes. For
a specific value of XD, values of e€p and pp are read from the %D

working curve. Values of (Avy + Avy) and Tp are then read for one

pair of e and pp values. For a specific value of T, the value of
A is calculated from equation (4). The Ap working curve yields

P P
pairs of values for €ep and pp. For each pair, values of (ANE + ANM)P

and Tp are read from their working curves. The total velocity incre-
ments and total mission times are calculated, and Avp is plotted
against Tp. A curve can be drawn for each pair of ep,pp values. The
envelope of these curves forms a single curve for a specific Ap value.
The procedure is repeated for many Ap values so that an envelope

curve for the direct-perihelion round trips can be drawn.

By repeating the whole procedure for other combinations of D, P,
A, and I routes, the minimum total velocity increment required to ac-
complish a round trip of given duration and given wait time at Mars can
be found.

RESULTS AND DISCUSSION

For all three types of mission considered, emphasis is placed upon
the interrelations among velocity parameters, travel times, vehicle-
planet separation distance, and planetary configuration angle at depar-
ture, which is equivalent to departure date (see fig. 2(d)).

Single-Pass Probes

The interrelations among trajectory parameters for a single-pass
Martian probe launched from an orbit of 1.1 Earth radii are shown in
figure 3. The contours are lines of constant velocity increment. Dashed
lines, which converge at the point representing a Hohmann path, separate
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the plot into four regions representing direct, perihelion, aphelion,

and indirect routes. Along each dashed line, the Sun-focused conic sec-
tion is tangent to .either Barth's or Mars' orbit, and the route is either
direct or indirect (see fig. 1(a)). For instance, the dashed line be-
tween the perihelion routes and the indirect routes represents indirect
routes along a Sun-focused ellipse that is tangent to Mars' orbit.

The straight dash-dot line forming the arbitrary upper right bound-
ary of the diagram (fig. 3(a)) can be interpreted in two ways. In the
conventional way, it shows the relations among travel time, velocity in-
crement at Earth, and configuration angle at departure. The second in-
terpretation is that it represents Hohmann paths. In this instance only,
the ordinate represents the sum of two time intervals - the Hohmann
travel time of 259 days and the time interval between the date indicated
by the abscissa and the next date at which a Hohmann path could be flown.
By waiting for the next Hohmann date before firing, the required wveloeity
increment is reduced to the Hohmann value 2.19 miles per second, and the
probe arrives at Mars on the same date as it would for the conventional
interpretation.

Figure S(a) indicates that, for a given velocity increment, minimum
travel time occurs for a direct route. Since the Hohmann path is indi-
cated by a point, departure can occur only at one instant of time during
the synodic period of 780 days. Even a small increase in probe velocity
increment above the Hohmann value results in an appreciable time span
during which launch is possible. For example, the range of configura-
tion angle at departure for a velocity-increment capability only 440
feet per second higher than the Hohmann value is -56° to -28°. This cor-
responds to a launch span of about Z months.

The same increase in velocity increment above the Hohmann value can
diminish the Earth-Mars separation distance at arrival from 148 to 97
million miles (fig. 3(b)). Further increases in velocity-increment ca-
pability permit probe arrivals at Mars when the separation distance is
the minimum value, 49 million miles.

Of special interest are the paths requiring minimum velocity incre-
ments for travel times less than the Hohmann value of 259 days (fig. 4).
Increasing the probe velocity-increment capability 2200 feet per second
above the Hohmann value decreases travel time from 259 to 130 days and
Earth-Mars separation distance at arrival from 148 to 63 million miles.

Orbiting Probes

The relations among trajectory parameters for an orbiting Martian
probe are shown in figure 5. The probe is assumed to be launched from



a parking orbit at 1.1 Earth radii with the terminal parking orbit at
1.1 Mars radii. Because two impulses are required for such a mission,
the velocity parameter employed 1s the sum of the velocity increments
required to leave the orbit around Earth and enter the orbit around
Mars. The features of the orbiting probe trajectories are similar to
those for the single-pass probe. Direct routes result in minimum travel
time for a given velocity-increment capability. Increasing the velocity-
increment capability of the probe above the Hohmann value increases the
time span during which departure is possible and decreases the Earth-
Mars separation distance at probe arrival.

In figure 6 minimum total-velocity-increment data are shown for
travel times less than 259 days. 1In order to decrease travel time from
259 to 130 days, velocity-increment capability of the probe must in-
crease from 3.49 to 5.69 miles per second (fig. 6(a)). For such an in-
crease, Earth-Mars separation distance at arrival would decrease from
148 to 87 million miles (fig. 6(b)).

For vehicles having thrust to weight ratios less than about lO'l,
the amount of propellant required for a mission cannot be estimated from
velocity-increment values. Propellant estimates for these vehicles can
be made, however, from values of hyperbolic velocity, vehicle thrust to
weight ratio, propellant specific impulse, planetary gravitational force
constant, and parking-orbit radius (ref. 7). Since the amount of pro-
pellant increases as hyperbolic velocity increases, trajectory data for
minimum hyperbolic velocity are of interest. Such trajectories result
in near minimum propellant expenditures and thus are useful in prelimi-
nary mission planning.

The effect of minimizing hyperbolic velocity rather than impulsive
velocity increment is shown in figure 7. The hyperbolic velocities are
made dimensionless by dividing by the Earth's mean orbital speed of 18.5
miles per second. For a given travel time, the Sun~focused path result-
ing in minimum hyperbolic velocity is different from that resulting in
minimun total velocity increment. This is borne out by comparing figure
6 with figure 7. For example, the launch dates for a 130-day trip dif-
fer by 18 days (figs. 6(c) and 7(d)), while Earth-Mars separation dis-
tance upon arrival differs by 9 million miles (figs. 6(b) and 7(e)).

It is well to remember that travel time refers to the time the unpow-
ered vehicle is under the influence of the Sun; that is, it is the time
required to travel from the orbit of Earth to the orbit of Mars. Since
the time spent in spiraling around the planets can be quite long, the
actual travel time can be considerably longer than that shown. For mis-
sions requiring propulsion power all or most of the time, of course, the
curves shown here do not apply.

LeL-H



Round Trips

The round-trip mission to Mars begins with the space vehicle in
orbit about the Earth at 1.1 Earth radii. The first velocity increment
sends the vehicle on the outgoing trajectory from Earth to Mars. A sec-
ond velocity increment settles the vehicle into an orbit about Mars at
1.1 Mars radii. After a specified wait time ranging from O to 454 days,
a third velocity increment sends the vehicle on its return trajectory
from Mars to Earth. The final velocity increment causes the vehicle to
orbit Earth at 1.1 Earth radii. Total velocity increment is the sum of
the four impulsive velocity increments, while mission time is the sum of
the travel times for the outward and return trajectories and the speci-
fied wait time spent in the parking orbit about Mars.

The specification of parking orbits at 1.1 planet radii is arbi-
trary. If atmospheric braking is used, the propellant expenditure re-
quired to attain parking orbits on round-trip missions is reduced
greatly. The features of optimum round-trip missions employing atmos-
pheric braking will change markedly from thoge discusged in this report.

Minimum-total-velocity-increment variations with mission time. -
Outgoing and return trajectories can be combined in an infinite number
of combinations involving direct, perihelion, aphelion, and indirect
routes. Particular combinations lead to envelope curves such as those
shown in figure 8 for a wait time at Mars of O days. For a given mis-
sion time, the total velocity increment shown is the minimum value at-
tainable using the designated combination of outward and return trajec-
tories. An envelope of the curves shown in figure 8 gives the minimum
total velocity increments required for mission times ranging from 130
to 1000 days. Direct-direct round trips yield minimum total velocity
requirements for mission times of 152 days and less. From 152 to about
400 days, combinations of direct and perihelion routes should be used.
Perihelion-perihelion round trips are best for missions lasting 400 to
558 days. Between 558 and 605 days, the combination is labeled
perihelion-indirect and also indirect-indirect. This is so because one
path 1s along an ellipse tangent to Mars' orbit. As pointed out in the
ANALYSIS, in such a case route P becomes identical with route I and
route D Decomes identical with route A (fig. 1(a)). The fact that
direct-aphelion and aphelion-aphelion round trips are best for missions
between 605 and 800 days indicates again that one route is along an el-
lipse tangent to Mars' orbit. TFor missions lasting 800 to 1000 days,
indirect routes both ways give minimum total velocity requirements.

It is noteworthy that the total velocity increment does not de-
crease continuously as mission time increases. This would seem to rule
out missions of certain duration. For example, missions lasting between
500 and 675 days require total velocity increments equal to or greater
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than that required for a 500-day mission. The trip having the least
total velocity increment (9.9 miles/sec) requires the long mission time
(799 days). A trip of a year's duration requires the higher total ve-
locity increment of 14.2 miles per second.

The effect of wait time at Mars on total velocity increment and
mission time is shown in figure 8. Portions of the curves from figure
8 for zero days' wait at Mars are replotted in figure 9. The right
branch is for mission times from 600 to 800 days, while the left branch
is for mission times from 152 to 558 days. For the right branch, as
wait time at Mars increases the curve is displaced toward longer mission
times and lower total velocity increments. The right terminus of the
curve for 454 days' wait at Mars represents a round trip in which both
outward and return trajectories are along the Hohmann ellipse. A mis~
sion time of 972 days is compatible with the minimum total velocity in-
crement of 6.98 miles per second. The effect of wait time on the left
branch is different. As wait time at Mars increases, the curve is dis-
placed toward longer mission times but higher total velocity increments.
For 100 days' wait at Mars, an 845-day mission 1s compatible with the
least total velocity increment, 9.4 miles per second. To shorten the
mission time to 465 days, a total velocity increment of 17.0 miles per
second is required.

FPor a given mission time and wait time at Mars, other trajectory
parameters besides total velocity increment are of interest. Among
these are the individual velocity increments comprising the total, the
time required for outward and return trajectories, and the configuration
angle required to begin the mission. The variation of these parameters
with wait time at Mars will be shown for round trips of special signifi-
cance. For convenience, the discussion is divided into that pertaining
to round trips employing direct and aphelion routes and that pertaining
to round trips employing direct and perihelion routes.

Round trips employing direct and aphelion routes. - In figure 10 is
shown the effect of a tangency restriction on total velocity increment
and mission time for direct-aphelion round trips. The dashed curves are
for round trips restricted to outward and return trajectories that are
tangent either to Earth's or Mars' orbit (fig. 1(a)). The solid curves
represent the minimum total velocity increment required for a range of
mission times and wait times at Mars of O (fig. 10(a)) and 454 days
(fig. 10(p)). For some missions, the tangency restriction imposes a
large penalty on total velocity increment. From figure 10(a), the total
velocity increment required for a 680-day mission increases from 13.2 to
17.1 miles per second when tangent trajectories are specified. However,
for round trips requiring the least total velocity increment (9.9 miles/
sec for O days' wait and 6.98 miles/sec for 454 days' wait), one trajec-
tory is along the Hohmann ellipse and the other is along the aphelion
branch of an ellipse tangent to Earth's orbit.
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For direct-aphelion round trips requiring the least total velocity
increments, trajectory-parameter variations with wait time at Mars are
shown in figure 11. Mission time is seen to increase more slowly than
wait time (fig. 11(a)). As wait time at Mars increases from O to 100
days, mission time increases from 800 to only 845 days. The rate at
which total velocity increment decreases as wait time increases is al-
most constant (fig. 11(b)). Increasing the wait time at Mars by 100
days lowers the total velocity increment 0.65 mile per second. Three
of the four velocity increments composing the total are relatively con-
stant for the range of wait times from O to 454 days (fig. 11(c)). The
fourth velocity increment varies from 3.80 to 1.30 miles per second.
Since one leg of the round trip is along the Hohmann ellipse, one of
the travel times is constant at 259 days (fig. 11(d)). The other ranges
from 540 down to 259 days. Because either trajectory can be selected
for the outward path, each round trip could commence on a Hohmann date.
For a particular round trip of interest, the Earth-Mars separation dis-
tance during the wait time spent in orbit around Mars can be found from
equation (1) and figure 2(e).

In figures 12z and 13 are shown trajectory-parameter variations use-
ful in planning round-trip missions to Mars of about 600 to 800 days'
duration. Round-trip data for O days' walt in a parking orbit at Mars
are presented in figure 12. Wait time is 100 days for figure 13.

Round trips employing direct and perihelion routes. - Round trips
employing direct and perihelion routes are interesting in that they re-
sult in shorter missions at the expense of higher total velocity incre-
ments (see, DD, PP, and DP curves in fig. 8). The effect of the tan-
gency restriction on the direct-perihelion round trips is shown in fig-
ure 14 for wait times at Mars of O (fig. 14(a)) and 100 days (fig.
14(b)). The dashed and solid curves have the same meaning as discussed
in connection with figure 10. While the effect of the tangency restric-
tion on the total velocity increment can be large, it is quite small
for missions requiring near minimum total velocity increment. For O
days' wait at Mars (fig. 14(a)), a tangency point at 440 days and 13.85
miles per second compares with an envelope point of 435 days and 13.60
miles per second. For 100 days' wait (fig. 14(b)), a tangency point at
500 days and 17.10 miles per second compares with an envelope point at
490 days and 16.75 miles per second. Thus, the minimum-total-velocity-
increment data based on the tangency restriction closely approximate the
true minimum-total-velocity-increment data.

Trajectory data for the former round trips are shown in figure 15.
One path is along the direct branch of an ellipse tangent to Earth's
orbit, while the other is along the perihelion branch of an ellipse tan-
gent to Mars' orbit. Total mission time and total velocity increment
increase almost linearly with wait time at Mars (figs. 15(a) and (b)).
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To attain 100 days of waiting time, mission time must increase 70 days
and total velocity increment 3.30 miles per second. For the full range
of wait time, one of the trajectories remains fixed (fig. 15(c)) - the
direct path along an ellipse tangent to Earth's orbit. The largest ve-
locity increment by far is that required near Earth for a perihelion
path along an ellipse tangent to Mars' orbit. The path that remains
fixed for all wait times requires a configuration angle of -4z© (fig.
15(d)) and a travel time of 169 days (fig. 15(e)).

Direct-perihelion and perihelion-perihelion round trips are con-
trasted in figure 16. For a wait time at Mars of O days, decreasing
mission time from 400 to 200 days calls for an increase in total wveloc-
ity increment from 13.8 to 24.0 miles per second. For 100 days' wait
at Mars, decreasing mission time from 500 to 300 days requires an in-
crease in total velocity increment from 16.6 to 32.8 miles per second.
In these ranges of mission time, direct-perihelion round trips yield
minimum total velocity increments. At higher mission times, perihelion-
perihelion round trips should be used. Other trajectory parameters of
interest for the round trips of figure 16 are shown in figures 17 to 20.
The parameters are configuration angle, the four velocity increments
composing the total, and the two travel times for the outward and return
trajectories. The information in these figures is useful in planning
round-trip missions to Mars of about 150 to 600 days' duration.

CONCLUDING REMARKS

The analysis of trajectory parameters for probe and round-trip mis-
sions to Mars has revealed some interesting features. For probes that
pass near Mars only once, the time span available for launch is appreci-
able even for a small increase in velocity-increment capability above
the minimum requirement of 11,560 feet per second. A velocity-increment
increase of only 2200 feet per second can be used to decrease travel
time from 259 to 130 days and Earth-Mars separation distance at arrival
from 148 to 63 million miles.

For probes that orbit around Mars, again, the time span available
for launch is appreciable even for small increases in velocity-increment
capability above the minimum requirement. However, the effectiveness of
velocity-increment increases in reducing travel time and separation dis-
tance is less pronounced. An increase in velocity increment of 63 per-
cent above the minimum requirement is necessary to shorten travel time
50 percent and Earth-Mars separation distance at arrival 4L percent.

For round-trip missions to Mars, total mission time is minimized
by combining one direct route with another only when the velocity-
increment capability is the very high value of 28.5 miles per second or
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more. At lower values, perihelion and sphelion routes must be used to
minimize total mission time. For O days' wait at Mars, the total veloc-
ity increment required for a 365-day mission is 14.2 miles per second.

A 799-day mission requires 9.9 miles per second. For 100 days' wait at
Mars, the total velocity increment required for a 465-day mission is 17
miles per second. An 845-day mission reguires 9.4 miles per second.

For a given wailt time spent in orbit around Mars, total velocity incre-
ment does not decrease continuously as mission time increases. For ex-
ample, missions lasting between 500 and 675 days with O days' wait at
Mars require total velocity increments equal to or greater than that re-
quired for a 500-day mission.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, March 1, 1960
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APPENDIX A

SYMBOLS
aphelion route (see fig. 1(a))
direct route (see fig. 1(a))
Earth-Mars separation distance at arrival, 108 miles
indirect route (see fig. 1(a))
an integer (eq. (4))

ratio of mean radius of destination planet's orbit around the Sun
to that of ERarth

perihelion route (see fig. 1(a))

semilatus rectum of heliocentric conic section, A.U.
semimajor axis of heliocentric ellipse or hyperbola, A.U.
mean distance of planet from Sun, miles

heliocentric travel time, days

waiting time in parking orbit at Mars, days

time interval, days

ratio of hyperbolic velocity to mean orbital velocity of Earth,
(miles/sec)/(18.5 miles/sec)

velocity, miles/sec or ft/sec
velocity increment, miles/sec or ft/sec

heliocentric trajectory angle relative to circumferential
direction (see fig. 1(b)), deg

eccentricity of heliocentric conic section

angular difference between vehicle's travel and Earth's travel
during one-way trip between planet orbits (eq. (3)), deg

LSL-H
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T angle (see eq. (B3c)), radians

P angular position of vehicle measured counterclockwise from peri-
helion of heliocentric conic section (see fig. 1(b)), deg

o angular velocity of planet, deg/day

Y configuration angle (see fig. 1(b)), deg

Subscripts:

A aphelion route

c circular

D direct route

E Earth

e escape

I indirect route

i index signifying A, D, I, or P

J index signifying 1 or 2

M Mars

max maximum

min minimum

P perihelion route

T total

1 intersection of heliocentric conic

2 intersection of heliocentric conic section with Mars' orbit

section with Earth's orbit
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APPENDIX B

TRAJECTORY -PARAMETER CALCULATION PROCEDURE

The trajectory-parameter calculation procedure is based mainly on
the equations presented in reference 6. These and several additional
equations were programed for a digital computer to yield trajectory-
parameter tables with p and € as arguments for values of n.§ 1.0.
The initial value of p 1s set equal to 0.1l. The minimum value of €

is calculated from equation (Bla) or (Blb), whichever yields the larger
value:

m
i

min = 2(p - 1) (Bla)

or + for n>1.0
-~ for n<1.0

€min = £(1 - p/n) (B1b)

The value of n for Earth-Mars trajectories is 1.5237.
The p-€ pair of values (0.1, emin) defines a specific Sun-focused

coniec section, and all trajectory parameters can be expressed as func-
tions of only p and <. The nondimensional hyperbolic velocities are

calculated from
1/2
_ -2
(3 - 24/p - —l——e—> (B2a)

v
1 P

5 _ o B . 1/2
Vo = n 1 - ¢e® (B2b)

The velccity increments required to leave the parking orbit around Earth
and to enter the parking orbit around Mars are calculated from the fol-

lowing equations derived from the constant-energy property of two-body
motion:

i ]
(18.50 Vl)2 + (Ve,E)2 1/2 - Vo B (B2c)

I

AVE

g = [(18.50 Vp) % + (v )7 - v (B2a)

LgL-H
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At both Earth and Mars, parking orbits of 1.1 planet radii were assigned.
The values of Ve,Er Ve,Er Ve,M and Ve M used in the calcu}ations
were 6.624, 4.683, 3.010, and 2.128 miles per second, respectively.

While the velocity parameters are independent of route, the travel
times are different for direct, perihelion, aphelion, and indirect
routes. Moreover, the equation for travel time for a direct route

changes form depending on whether € 1is less than, equal to, or greater
than 1.0.

For €< 1.0,

Tp = +58.13 qZ»/Z[(Tl - 75) - e(sin 7, - sin Tz)] {+ for n<1

- for n>1
(B3a)
where
a=—2 (B3D)
1l ~-c¢

Ty = cos-l (q - > (B5c)

Ty = cos™l <i:_2> (B34d)
qe

The equation for e = 1.0 was not programed. As a result of using
p rather than q 1in the diagrams (see fig. 2), the curves run continu-
ously from the area of ellipses (e < 1.0), through the line of parabolas
(e = 1.0), to the area of the hyperbolas (e > 1.0).

For e > 1.0,

) . . 23[ _ s ) _ ] + for n<1
Tp = #58.13 q / €(sinh 77 - sinh Tp) (ty - 72) {- for n>1

(B3e)

where

Q=5 (B3£)
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7] = cogh-l <Ea§_%> (B3g)
Ty = cosh-l (gq_-;_n> (B3h)

The travel times for perihelion, aphelion, and indirect routes are
calculated from

1 for n>1

for n<1l (BSi)

nn
[\V]

TP =T + 116.26 qs/z(rj - ¢ sin Tj) {g

1 for n<1l

- 3/2 : 3 .
T =T 4+ 116.26 ¢~/ “(x - Tj + € sin rj) {j 5 for n> 1 (B33)

A D

I

Tr = 365.26(q3/ 2 - Tp) (B3k)
Because aphelion and indirect routes are not possible for hyperbolic or-
bits, travel times for these routes are calculated only for values of

e < 1.0.

The change in heliocentric angle also depends on the route:

2y _
P = cos~t [q(l ~ 2 ) l] (B4a)
-1 |g1 - €f) - n
9, = cos (B4b)
ne
Pp = ICPZ - (pll (B4C)
oy = 360 - 9p for e < 1.0 (B4e)
op = 360 - op for e < 1.0 (B4f)

Since configuration angle depends on both travel time and change in
heliocentric angle, it depends on the route also:

R - 4

t T
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0.9856
v, = 32 Ty - @3 (B5)

Another trajectory parameter depending on both T and ¢ is A,
which is useful in round-trip calculations (see egs. (3) and (4)):

Ay = 94 - 0.9856 Ty (B6)

The trajectory parameter a is calculated from

€ sin

a = tan-l 25 MM P1 (B72)
1+ e cos g
€ sin ,

ap = tan~l T 20 %2 (B7b)

1+ e cos @1

where plus is for n > 1.0 and minus is for n < 1.0.

Having calculated all trajectory parameters of interest for
p= 0.1 and €pin, the value of € 1is increased just enough to make it
divisible by Ae. In the present calculations, Ac 1is set equal to O.1.
With p = 0.1 and ¢ increased, all trajectory parameters are calcu-
lated. The procedure is repeated, the last calculation being for
p= 0.1 and € = 2.0. At this point, the value of p is increased by
Ap. Again, the increment is set equal to 0.1. For p = 0.2, epin is
calculated and all trajectory parameters are computed for this pair of
p-¢ values. The procedure is repeated until a stipulated range of the
arguments p and € 1is covered. For the Earth-Mars calculations, p
ranges from 0.1 to 3.0 in increments of 0.1, and € ranges from

€min
to 2.0 in increments of O.1l.
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Ellipse of
vehicle trajectory

Earth's orbit

Mars' orbit

(b) Trajectory angles.

Figure 1. - Concluded. Nomenclature.
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Days after Hohmenn date
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(&) Relation between date and configuration angle
of Earth relative to Mars.

Figure 2. - Continued. Trajectory parameters for
trip between Earth and Mars.
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Travel time, T, days

700 // f)}x N
/,//{? D
) P
Indirect routes/////////////
N7

Velocity increment /] /
500 | at Eerth, Avg, / // Y4 y
ft/sec (miles/sec) / / / // //
| ] A
/ // /Aphelion routes

400

300

200

Nl
ESRIN\\Vy

Direct routes

100

9120 -80 ~-40 0 40 80 120 160

Configuration angle at departure, ¥, deg
(a) Travel time, configuration angle at departure, and velocity increment at Earth.

Figure 3. - Path parameters for single-pass Martian probe launched from an orbit of 1.1
Earth radii.
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40, 000

4 AVE)

Velocity increment at Earth

Earth-Mars separation at arrival,

30, 000

ft/sec

20, 000 AN

10, 000

Configuration angle at departure, Wl’ deg

d, 10% miles

=50

=40 ]

-20 1////
-
/
-10
160

120 ;/’////

v
80
//__/
40 80 120 180 200 240 280
Travel time, Tp, days
Figure 4. - Path parameters for single-pass Martian probe launched from an

orbit of 1.1 Earth radii for minimum velocity increment.
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(miles/sec)/(18.5 miles/sec)

Sum of hyperbolic velocities at Earth's and Mars' orbits,
VE + VMJ

1.2

g
e
T

\
\\
2 [ ——
0
40 80 120 160 200 240 280

Travel time, Tp, days
(a) Sum of hyperbolic velocities at Earth's and Mars' orbits.
Figure 7. - Path parameters for an orbiting Martian probe launched from an

orbit of 1.1 Earth radii. Terminal orbit is at 1.1 Mars radii. Data
for minimum sum of hyperbollc velocities at Earth's and Mars' orbits.
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Hyperbolic velocity at Earth's orbit, Vg, (miles/sec)/(18.5 miles/sec)

35

—
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l H\
¢
40 80 120 160 200 240 280

Travel time, Tp, days
(b) Hyperbolic velocity at Earth's orbit.
Figure 7. - Contlnued. DPath parameters for an orbiting Martien probe
launched from an orbit of 1.1 Earth radii. Terminal orbit is at 1.1 Mars

radii. Data for minimum sum of hyperbolic velocitles at Earth's and
Mars' orbits.
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Hyperbolic velocity at Mars' orbit, Vv, (miles/sec)/(18.5 miles/sec)

.1 ——
\
0
40 80 120 160 200 240 280

Travel time, Tp, days
(c) Hyperbolic velocity at Mars' orbit.

Figure 7. - Continued. Path parameters for an orbiting Martian probe
launched from an orbit of 1.1 Earth radii. Terminal orbit 1s at 1.1 Mars

radii. Data for minimum sum of hyperbolic velocities at Earth's and
Mars' orbits.
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Configuration angle at departure, Wl’ deg

miles

Earth-Mars sepagation at arrival, 4,
10

37

=50

-10
(d) Configuration angle at departure.

160

120 /
/

o

//

40 80 120 160 200 240 280
Travel time, Tp, days

(e) Earth-Mars separation at arrival.

Figure 7. - Concluded. Path parameters for an orbiting Martian probe
launched from an orbit of 1.1 Earth radii. Terminal orbit is at 1.1 Mars
radii. Data for minimum sum of hyperbolic velocities at Earth's and
Mars' orbits.
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Total velocity increment, Av, miles/sec

20

——— —— One path along direct branch
\\ of ellipse tangent to Mars'
orbit; other path along
aphelion branch of ellipse
tangent to Earth's orbit
18 \ ———— Envelope curve

AR \

12 \ N

\\\
10
8
600 640 680 720 760 800
Mission time, Tp, days
(a) Wait time in parking orbit at Mars, O days.
Figure 10. - Velocity increments and mission times for direct-

aphelion round trips to Mars starting, waiting, and ending in
circular orbits at 1.1 planet radii.
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tangent to Earth's orbit ]
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Mission time, Ty, days

(b) Wait time in parking orbit at Mars, 454 days.
Figure 10. - Concluded. Velocity increments and mission times for direct-

aphelion round trips to Mars starting, waiting, and ending in circular
orbits at 1.1 planet radii.
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Tp, days

Mission time,
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Wait time, T, days

(a) Mission time.

Figure 11. - Path parameters for direct-aphelion round trips to

Mars starting, waiting, and ending in circular orbits at 1.1
planet radii. One path along Hohmann ellipse; other path
along aphelion branch of ellipse tangent to Earth's orbit.
Data for minimum total velocity increment.
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(¢) Velocity increments at Earth and Mars.
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Figure 11. - Continued. Path parameters for direct-aphelion

orbits at 1.1 planet radii.
other path along aphelion branch of ellipse tangent to

Earth's orbit. Data for minimum total velocity increment.

round trips to Mars starting, waiting, and ending in circular
One path along Hohmann ellipse;
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days

T,

One-way travel time,

Configuration angle at Jeparture
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| | l I l [
Aphelion branch of ellipse
tangent to Earth's orbit |
\\\\\\ ——— ———— Hohmann path
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0 ‘\\\\\\\\
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(4) One-way travel time.
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(e) Configuration angle at departure from Earth.

Figure 11. - Concluded. Path parameters for direct-aphelion
round trips to Mars starting, waiting, and ending in circular
orbits at 1.1 planet radii. One path along Hohmann ellipse;
other path along aphelion branch of ellipse tangent to
Earth's orbit. Data for minimum total velocity increment.
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Velocity increment, Av, miles/sec

Direct route \ Aphelion route

N N\ N
& <
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\

1
500 600 700 800 500 600 700 800
Mission time, TT’ days

(c) Velocity increments at Eerth and Mars.
Figure 12. - Concluded. Path parameters for direct-aphelion round trips to Mars

starting, waiting, and ending in circular orbits at 1.1 planet radii. Wait time
in parking orbit at Mars, O days.
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Velocity increment, Av, miles/sec

8
7 \
Aphelion route
\
Direct route \\
6

AN\

N \ ——]
2

AV,

\

1
600 700 800 900 600 700 800 900
Mission time, Tq, days

(¢) Velocity increments at Earth and Mars.
Figure 13. - Concluded. Path parameters for direct-aphelion round trips to Mars

starting, waiting, and ending in circular orbits at 1.1 planet radii. Wait
time in parking orbit at Mars, 100 days.
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Mission time, Tp, days

3 AVT,

/sec

Total velocity increment
miles

520

480

440

400
(a) Mission time.
18
f’//’///’
16 4¢””’
—//”A’/”'
/
/
14 ///‘
12
0] 20 40 60 80 100

Wait time, T, days
(b) Total velocity increment.

Figure 15. - Path parameters for direct-perihelion round trips
to Mars starting, waiting, and ending in circular orbits at
1.1 planet radii. One path along direct branch of ellipse
tangent to Earth's orbit and the other along the perihelion
branch of an ellipse tangent to Mars' orbit. Data for mini-
mum total velocity increment.
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Velocity increment, Av, miles/sec

Perihelion branch of ellipse
tangent to Mars' orbit
—_—— Direct branch of ellipse
tangent to Earth's orbit

AVM

ANE

0 20 40 60 80 100
Wait time, T, days

(¢) Velocity increments at Earth and Mars.

Figure 15. - Continued. Path parameters for direct-perihelion
round trips to Mars starting, waiting, and ending in circular
orbits at 1.1 planet radii. One path along direct branch of
ellipse tangent to Earth's orbit and the other along the
perihelion branch of an ellipse tangent to Mars' orbit. Data
for minimum total velocity increment.
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Configuration angle at
departure from Earth, V., deg

One-way travel
time, T, days
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0
Perihelion branch of ellipse
-100 tangent to Mars' orbit
—_—— Direct branch of ellipse
tangent to Earth's orbit
. |
200
(d) Configurstion angle at departure from Earth.
300
200
100
0 20 40 60 80 100

Wait time, T, days
(e) One-way travel time.

Figure 15. - Concluded. Path parameters for direct-perihelion
round trips to Mars starting, waiting, and ending in circular
orbits at 1.1 planet radii. One path along direct branch of
ellipse tangent to Earth's orbit and the other along the
perihelion branch of an ellipse tangent to Mars' orbit. Data
for minimum total velocity increment.



Total velocity ilncrement, AV, miles/sec

36 l T I I ] T
Round trip
Direct-perihelion
—_———— Perihelion-perihelion
32 \\
) \\ \
24 \\\\
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Figure 16. - Velocity increments and mission times for round trips to

Mars starting, waiting, and ending in circular orbits at 1.1 planet radii.

Direct-perihelion and perihelion-perihelion round trips.
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Configuration angle at departure from Earth, *1’ deg
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Mission time, Tp, days

(a) Configuration angle at departure from Eerth.

Figure 17. - Path parameters for direct-perihelion
round trips to Mers starting, waiting, and ending
in eirculer orbits at 1.1 planet radii. Wait time
in parking orbit at Mars, O days.
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Velocity increment, Av, miles/sec

1 T T

\\ Direct route

: TS

~

0
100 200 300 400 500
Mission time, TT’ days

(b) Velocity increments at Earth and Mars for
direct route.

Figure 17. - Continued. Path parameters for direct-
perihelion round trips to Mars starting, waiting,
and ending in eircular orbits at 1.1 planet radii.
Wait time in parking orbit at Mars, O days.
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Velocity increment, Av, miles/sec
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Mission time, Tp, days

(c) Velocity increments at Earth and Mars for
perihelion route.

Figure 17. - Continued. Path parameters for direct-
prerihelion round trips to Mars starting, waiting,
and ending in circular orbits at 1.1 planet radii.
Wait time in parking orbit at Mars, O days.
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Travel time, T, days
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Mission time, TT, days

(d) Travel time.

Figure 17. - Concluded. Path parameters for direct-
perihelion round trips to Mars starting, waiting,
and ending in circular orbits at 1.1 planet radii.
Wait time in parking orbit at Mars, O days.
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perihelion
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Mission time, TT, days
(a) Configuration angle at depasrture from Earth.
Figure 18. - Path parameters for perihelion-perihelion round

trips to Mars starting, waiting, and ending in circular
orbits at 1.1 planet radii. Wait time in parking orbit at
Mars, O days.
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Velocity increment, Av, miles/sec
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(b) Velocity increments at Earth and Mars.

Figure 18. - Continued. Path parameters for perihelion-
perihelion round trips to Mars starting, waiting, and ending
in circular orbits at 1.1 planet radii. Wait time in parking
orbit at Mars, O days.
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Travel time, T, Qdays
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(¢) Travel time.
Figure 18. - Concluded. Path parameters for perihelion-

600

perihelion round trips to Mars starting, waiting, and ending
in circular orbits at 1.1 planet radii.
orbit at Mars, O days.

Wait time in parking
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Configuration angle at departure from Earth, ¥, deg

Direct route
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1401
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Mission time, Tp, days

(a) Configuration angle at departure from Earth.

Figure 19. - Path parsmeters for direct-perihelion
round trips to Mars starting, waiting, and ending
in circular orbits at 1.1 planet radii. Wait time
in parking orbit at Mars, 100 days.
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Velocity increment, Av, miles/sec
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200 300 400 500 600
Mission time, Tp, days

(b) Velocity increments at Earth and Mars for
direct route.

Figure 19. - Continued. Path parameters for direct-
perihelion round trips to Mars starting, waiting,
and ending in circular orbits at 1.1 planet radii.
Walt time in parking orbit at Mars, 100 days.
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Velocity increment, Av, miles/sec
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Mission time, Tp, days

(c) Velocity increments at Esrth and Mars for
perihelion route.

Figure 19. - Continued. Path parameters for direct-
perihelion round trips to Mars starting, waiting,
and ending in circular orbits at 1.1 planet radii.
Wait time in parking orbit at Mars, 100 days.
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Figure 19. - Concluded. Path parameters for direct-
perihelion round trips to Mars starting, waiting,
and ending in circular orbits at 1.1 planet radii.
Wait time in parking orbit at Mars, 100 days.
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Configuration angle at departure from Earth, Wl, deg
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(a) Configuration angle at departure from Earth.

Figure 20. - Path parameters for perihelion-perihelion
round trips to Mars starting, waiting, and ending in

circular orbits at 1.1 planet radii.
parking orbit at Mars, 100 days.
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Velocity increment, Av, miles/sec
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(b) Velocity increments at Earth and Mars.

Figure 20. - Continued. Path parameters for
perihelion-perihelion round trips to Mars start-
ing, waiting, and ending in circular orbits at
1.1 planet radii. Wait time in parking orbit at
Mars, 100 days.
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Travel time, T, days
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Figure 20. - Concluded. Path parameters for
perihelion-perihelion round trips to Mars starting,
waiting, and ending in circular orbits at 1.1
planet radii. Wait time in parking orbit at Mars,

100 days.
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